Piezoelectric actuators are used in a wide range of electrical devices, including piezoelectric speakers, buzzers, haptics and ultrasonic transducers. For piezoelectric actuator systems used in mobile devices, the most important issue is improving the electromechanical conversion efficiency. The power consumed by the actuators must be minimized due to the small size of the batteries used. The frequency response around the mechanical resonance must be carefully designed to enable low power driving. The resonant frequencies of piezoelectric actuators that consist of integrated components, such as the metal cones in ultrasonic speakers, are determined by the energy dispersion of the total system. Therefore, factors such as the size and physical properties of each component must be designed to optimize the resonant frequencies for practical applications. The total energy of the piezoelectric system is described by Lagrange-Maxwell equations. Even though it is not easy to solve the differential equations written in a Lagrangian coordinate system by using exact calculations, useful information for designing systems can be derived from approximate calculations. In this paper, we will introduce design guidelines that can be used to optimize the resonant frequencies of piezoelectric actuators with integrated components, based on analysis using the Lagrangian coordinate system.
INTRODUCTION
Recent portable electronics systems include vibration and acoustic devices for various applications such as haptics and speakers. The vibration devices and drive systems included in portable electronics systems must be small and have an efficient electro-mechanical conversion rate. Piezoelectric actuators have a highly efficiency electromechanical conversion rate and are thin and small. Piezoelectric actuators are therefore one solution to achieving the high vibration and acoustic performance required for slim portable devices. [1] [2] [3] [4] [5] In some piezoelectric actuator applications, the first and second resonant frequencies must be controlled to obtain the maximum vibration displacement or velocity. However, there are no known simple analytical guidelines to designing resonant frequencies. A piezoelectric actuator consists of several components. The vibration characteristics of the whole actuator are determined by the total energy. However, the coupled energy generated by the components complicates the calculation of the vibration of the whole actuator. In practical design processes, engineers utilize numerical calculation methods, such as the finite element method (FEM), boundary element method (BEM) and finitedifference time-domain method (FDTD), even though these methods cannot provide clear guidelines for streamlining the design. For electro-mechanical transducers, engineers use the Lagrange-Maxwell equation, which provides a rationale for electro-mechanical conversion. The Lagrange-Maxwell equation is equivalent to the partial differential equation used for piezoelectric material and integrated components and contains information about the elasto-piezo-dielectric matrix (EPD matrix) of piezoelectric material and the mechanical properties of the integrated components. It is possible to derive a Lagrange-Maxwell equation that implies all physical information as metric tensors in a Lagrange coordinate system, Nevertheless, the obtained equation cannot be solved easily. To make use of this equation in practical design, it must be simplified by using an algebraic approach. It is empirically known that the vibration of a continuum behaves as if the mechanical mass, stiffness and friction loss were lumped in a low frequency band. Lumped constant approximation is a useful approach, but it must be appropriately employed, carefully considering the mathematical model of the mechanical system.
In this paper, we derive a simple guideline for designing low-order resonant frequencies for piezoelectric actuators and show design examples.
MATHEMATICAL MODELING
In this chapter, the physical model used to derive the mathematical formulas is shown. An ultrasonic speaker with a radiation cone is used as an example of a simple piezoelectric actuator. By considering the characteristics of an ultrasonic speaker, we can obtain the outline of a mathematical model and assume approximate differential equations. Figure 1 shows the ultrasonic speaker with a radiation cone used as an example of a piezoelectric actuator with integrated components. This type of ultrasonic speaker has been well studied in prior research. 6 This ultrasonic speaker consists of a diaphragm and a cone. The diaphragm is a unimorph-type piezoelectric actuator that consists of a piezoelectric board and a metal board pasted together by a thin adhesive layer (thinner than 10 Pm). The radiation cone is required to boost the excluded volume of the air. The diaphragm and the cone are linked by a binder. The cone is made of metal to provide the appropriate stiffness and mass to enable mechanical resonance in an ultrasonic frequency band. The binder is made of an elastic material, such as acrylic resin, PET, ABS resin, or silicon rubber. Considering the physical properties of this actuator, the following conditions can be presumed for the mathematical model:
Example of Simple Piezoelectric Actuator
A. The binder is represented by the stiffness and the friction loss connected parallel to each other. B. The mechanical potential and friction loss of the binder are determined by the sum of the relative distance and velocity between the diaphragm and the cone. C. The differential equations of the diaphragm and the cone are not changed by the binder connection. D. The mechanical properties (stiffness, mass density and friction loss) are uniform for all components.
All assumptions above are based on the fact that the binder is much lighter and softer than the diaphragm and the cone, that is, that the diaphragm and the cone behave as rigid bodies against the binder because the material of binder is resin.
Mathematical Modeling and Analytical Formulization for the Example Actuator

Mathematical Modeling
According to assumptions A, B, C and D, the diaphragm and the cone can be abstracted as manifolds. As written above, the detailed shape, dimensions and physical properties can be abstracted in a Lagrange's equation as metric tensors. Each component is named as follows: diaphragm = D, binder = E, and cone = J The general Lagrange coordinates are defined as follows:
This general coordinate system is defined by the arrayed coordinates for all micro areas in a rectangular system, without distinguishing each micro area. Note that
(i J does not include identical numbers because a unique number is assigned to each micro area. Figure 2 shows the abstracted mathematical model of the piezoelectric actuator.
The total Lagrangian, potential, kinetic energy and energy dissipation are defined as the sum of these values for each component, as follows:
(1) where L is the Lagrangian, T the kinetic energy, U the potential and J the energy dissipation. The Lagrangian is defined by the potential, the kinetic energy and the Lagrange multiplier term as shown below: ( 2 ) where P O is the Lagrange multiplier,
Note that in this paper, the Lagrange multiplier term is used to represent the restriction of the displacement by the binder E. This is described in detail later.
Formularization of the Lagrangian by Metric Tensors
First, we denote the kinetic energy, potential and dissipation in a uniform area by using metric tensors. [7] [8] [9] By using the Einstein summation convention, the kinetic energy and the energy dissipation for a rectangular coordinate system are written as follows: (6) into Eq. (3) and (4), the result is: (7) (8) Equation (7) and (8) show that the kinetic energy and the dissipation of the micro areas can be expressed by the metric tensors ij m and ij r , which represent the mass and friction loss. The potential must be derived taking into consideration the variation of the displacement between two micro areas. In the rectangular coordinate system in this paper, the arbitrary point , ,
. Terms higher than the second order can be ignored because this deformation is small enough. The tensor of the distortion is expressed as follows: (9) where j u is the variation of the coordinates between points P and P , defined as
(10) According to Eq. (7), (8) and (10), the kinetic energy, the energy dissipation and the potential, for the micro areas, could be expressed by the metric tensors. The Lagrangian for whole system is obtained by substituting Eq. (7) and (10) to Eq. (2) and integrating it. The dissipation force is considered separately as it can not be included in the Lagrangian.
Formularization of Lagrange's Equation for the Actuator
The Lagrange's equation for the i -th micro areas including the dissipation is shown below, (11) where f is the driving force generated by the electro-distortion of the piezoelectric material. Considering the electro-distortion in detail, Eq. (11) can be regarded as the Lagrange-Maxwell equation. Lagrange's equations for diaphragm D and cone J are derived by using Eq. (2), (7), (8) and (10) and adding the restriction and additional dissipation created by the binder E In this paper, we apply the following detailed policy concerning the restriction and dissipation created by binder E to formulize the concrete Lagrange's equations taking into consideration the assumptions of the mathematical models A, B, C and D: (i)
The restriction and energy dissipation created by binder E does not affect the kinetic energy, potential and energy dissipation of diaphragm D and cone J.
The restriction and energy dissipation created by binder E is represented by the Lagrange multiplier and additional friction loss, which is added to Equation (14). The Lagrange multiplier terms and the additional dissipation are determined relative to the displacement and the velocity, respectively, of diaphragm D and cone J. Therefore, the Lagrange multiplier terms and the additional dissipation of diaphragm D and those of cone J have opposite signs to each other. By substituting Eq. (2), (7), (8) and (10) 13), the term on the right-hand side is zero as there is no driving force for the cone. By distinguishing the micro areas and expressing
as follows, ( 1 4 ) ( 1 5 ) where
, the Lagrange multiplier terms can be expressed as vectors.
According to the assumption B of the mathematical model, the Lagrange multiplier terms and additional dissipation by the binder can be simplified by performing the integration covering each component. We will omit a rigorous mathematical discussion concerning the simplification of these terms and consider them intuitively by using the assumption B of this mathematical model. Equations (14) and (15) are used to perform integration covering each component (which means totaling all micro areas) as follows:
(17) where E s is the stiffness of the binder, E r the friction loss of the binder, and
Equations (16) and (17) are the simultaneous differential equations to be employed in the actual design. Equation (16) and (17) are regard as the electrical equivalent circuit shown in Fig. 3 , concerning vector component in each direction. The branch of E s and E r combine the energies of the diaphragm and the cone. This simplification can be allowed under the condition that the binder satisfies the assumption A, B, C and D, as written above. Actuators with many components (Fig. 4) can be described by several pairs of Eq. (18) and (19), which are generalized Eq. (16) and (17) as follows, )
(21) where the driving force i G is the electro-distortion generated by the piezoelectric material or other type of electromagnetic forces.
The mass, the stiffness and the friction loss in Eq. (17) and (18) 
DESIGNING THE RESONANT FREQUENCIES OF THE ACTUATOR
Above, we determined the mathematical model and formulization for the ultrasonic speaker shown in Fig. 1 . In this section, we will show the actual design of the resonant frequencies of a piezoelectric actuator. It has been confirmed that Eq. (16) and (17) can be utilized in the design of resonant frequencies by comparing these with results of numerical calculations. The formula used to design the resonant frequencies of the actuator can be derived from Eq. (16) and (17). The ideal resonant frequencies, which are the design purpose, are determined according to the relationship between the mass, the stiffness and the friction loss of diaphragm D and cone J, and are expressed by a simple formula derived from Eq. (16) and (17).
Ultrasonic speakers such as the one shown in Fig. 1 are used to emit an ultrasonic frequency whose center is a lower order-resonant frequency. The power spectrum of the driving voltage input to the speakers spreads around this center frequency. Figure 5 shows the electrical conductance of the ultrasonic speaker AT40-10PB (made by Nippon Ceramic Co., Ltd) and the expected bandwidth of the driving voltage of the single sideband (SSB) signal. 10 As shown in Fig. 5 , an ultrasonic speaker should have a broad peak at the resonant frequencies. However, from the point of view of the mechanical efficiency of the actuator, the mechanical Q factor should not be reduced by the damping. The solution for this issue is to minimize the gap between the first and second resonant frequencies of the piezoelectric actuator.
According to the Fourier transform of the normal component to the diaphragm of Eq. (16) and (17), as the matrix form as follows: ( 2 2 ) where the elements of the matrix are and Z is the angular frequency. (26) is the formula used to minimize the gap between the two resonant frequencies. In Eq. (26), all friction losses are negligible, because metal has a high mechanical Q factor and the amount of the PET is much smaller than metal. The piezoelectric material does not contribute to the resonant frequencies due to its thinness (thinner than 100Pm). The piezoelectric material operates simply as just the driving force in Eq. (16) and (17). Figure 6 shows an outline of the piezoelectric actuator used in the design trial. The diaphragm and the cone are disk shaped and they have no restrictions except binder E. Table. 1 shows the physical properties of each component used for design calculated by using Eq. (26) and numerical calculation. The material of cone J is defined as a virtual metal, which has a variable mass density. The optimum design to minimize the frequency gap can be founded by the observing of the variation of the first and second resonant frequencies determined by the mass density of cone J U . 
